EQUIVALENCE OF DOMAINS ARISING FROM DUALITY OF 
ORBITS ON FLAG MANIFOLDS III 



TOSHIHIKO MATSUKI 

Abstract. In |GMlj . we denned a G^-Kc invariant subset C{S) of G c for each 
i^c-orbit S on every flag manifold Gc/P and conjectured that the connected 
component C(S)q of the identity would be equal to the Akhiezer-Gindikin domain 
D if S is of nonholomorphic type. This conjecture was proved for closed S in 
|WZ2l IWZSl iFHl lM4) and for open S in [Mil- It was proved for the other orbits 
in |M5| when Gr is of non-Hermitian type. In this paper, we prove the conjecture 
for an arbitrary non-closed i^c-orbit when Gr is of Hermitian type. Thus the 
conjecture is completely solved affirmatively. 



1. Introduction 

Let Gc be a connected complex semisimple Lie group and Gr a connected real 
form of Gc- Let Kc be the complexification in Gc of a maximal compact subgroup 
K of Gr. Let X = Gq/P be a flag manifold of Gc where P is an arbitrary parabolic 
subgroup of Gc- Then there exists a natural one-to-one correspondence between the 
set of fTc-° r t>its S and the set of GR-orbits S' on X given by the condition: 

(1.1) S <-> S' -<=>- S PI S' is non-empty and compact 

(HE]). For each i^-orbit S we defined in [HMT] a subset C(S) of G c by 

C(S) = {x G Gc | xS fl S' is non-empty and compact} 

where S' is the Gft-orbit on X given by (1.1). 

Akhiezer and Gindikin defined a domain D/Kc in Gc/Kc as follows ( |AGj ) . Let 
Qr = t © m denote the Cartan decomposition of 0r = Lie(GR) with respect to K. 
Let t be a maximal abelian subspace in im. Put 

t+ = {Y E 1 1 \a(Y)\ < | for all «6E} 
where S is the restricted root system of 0c with respect to t. Then D is defined by 

D = G K (expt + )^c. 
We conjectured the following in |GMlj . 

Conjecture 1.1. (Conjecture 1.6 in jGMlj ) Suppose that X = Gc/P is not Kc- 
homogeneous. Then we will have C(S)o = D for all Kc-orbits S of nonholomorphic 
type on X . Here C(S)o is the connected component ofC(S) containing the identity. 

Remark 1.2. When Gr is of Hermitian type, there exist two special closed i^c-orbits 
Si = K C B/B = Q/B and S 2 = K c w B/B = w Q/B on the full flag manifold 
Gc/ B where Q = K&B is the usual maximal parabolic subgroup of Gc defined by a 
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nontrivial central element in it and Wq is the longest element in the Weyl group. For 
each parabolic subgroup P containing the Borel subgroup B, two closed i^c-° r bits 
SiP and S 2 P on Gc/P are called of holomorphic type and all the other i^c-orbits are 
called of nonholomorphic type. Especially all the non-closed i^c _or bits are defined 
to be of nonholomorphic type. 

When Gr is of non-Hermitian type, we define that all the i^c-orbits are of non- 
holomorphic type. 

Let S op denote the unique open dense Kc-B double coset in Gc. Then S' op is the 
unique closed G^-B double coset in Gc. In this case we see that 

G(S op ) = {x e G c | xS op d S' op }. 

It follows easily that C(S op ) is a Stein manifold (c.f. GM]], [H]). The connected 
component C(S op ) is often called the Iwasawa domain. 
The inclusion 

D C C(S op ) 

was proved in [Hj. (Later jM3j gave a proof without complex analysis.) On the other 
hand, it was proved in |GM1| Proposition 8.1 and Proposition 8.3 that C(S op )o C 
C(S)o for all Kq-P double cosets S for any P. So we have the inclusion 

(1.2) D C C(S) . 
Hence we have only to prove the converse inclusion 

(1.3) C(S) C D 

for K<c-oTbits S of nonholomorphic type in Conjecture 1.1. 
If S is closed in Gc, then we can write 

C(S) = {x e G c | xS C S'}. 

So the connected component C(S)o is essentially equal to the cycle space introduced 
in |WWj . For Hermitian cases the inclusion (1.3) for closed S was proved in |^Z2J 
and [WZ3... For non-Hermitian cases it was proved in [FH] and |M4j . 

When S is the open K c -P double coset in Gc, the inclusion (1.3) was proved in 
|M4j for arbitrary P generalizing the result in |B| . 

Recently the inclusion (1.3) was proved in |M5j for an arbitrary orbit S when Gk is 
of non-Hermitian type. So the remaining problem was to prove (1.3) for non-closed 
and non-open orbits when Gr is of Hermitian type. 

In this paper we solve this problem. 

In the next section we prove the following theorem. 

Theorem 1.3. Suppose that Gr is of Hermitian type and let S be a non-closed 
K c -P double coset in Gc- Then there exist K c -B double cosets S\ and S 2 contained 
in the boundary dS = S cl — S of S such that 

x(Sx u s 2 ) d n S' d ± 

for all the elements x in the boudary of D. Here So denote the dense Kc-B double 
coset in S. 
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Remark 1.4. By computations of examples it seems that S\ and 5*2 are always 
distinct i^ c -orbits. But we do not need this distinctness. 

Corollary 1.5. Suppose that Gr is of Hermitian type and let S be a non-closed 
K c -P double coset in Gc- Then C(S) = D. 

Proof. Let Sq be as in Theorem 1.3. Let \1/ denote the set of the simple roots in the 
positive root system for B. For each q 6 $ we define a parabolic subgroup 

P a = B U Bw a B 

of Gc- By |GM2j Lemma 2 we can take a sequence {oji, . . . , a m } of simple roots 
such that 

dim c S P ai ■ ■ - P ak = dim c S + k 
for k = 0, . . . , m = codimcSo- Then it is shown in |M5j Theorem 1.2 that 

(1.4) x g c(S) n D d xS cl n s' op p am ■■■p ai = xSn s' . 

Let x be an element in the boundary of D. Then it follows from Theorem 1.3 
that 

x(dS) n ^ (f). 

If x is also contained in C(S), then it follows from (1.4) that 

x(dS)ns' op p am ---p ai = <p. 

Since S' d is contained in the closed set S' op P am ■ ■ ■ P ai , we have 

x{8S) n S' d = <f), 

a contradiction. Hence x ^ C(S). Thus we have proved C(S)o C D. □ 

Section 3 is devoted to the explicit computation of the case where Gr = Sp(2, R). 
We use Proposition 3.2 in the proof of Lemma 2.4 in Section 2. Another simple 
example of SU(2, l)-case is explicitly computed in |M4j Example 1.5. 

Acknowledgement. The author would like to express his heartily thanks to S. 
Gindikin for valuable suggestions and encouragements. 

2. Proof of Theorem 1.3 

Let j be a maximal abelian subspace of it. Let A denote the root system of the 
pair (qc, j). Since Cr is a group of Hermitian type, there exists a nontrivial central 
element Z of it and we can write 

0c = tc © n © n 

where = {a e A | ct(Z) > 0} and n = © a€ A+ flc(j,oO- Let Q be the maximal 
parabolic subgroup of Gc defined by 

Q = K c exp n. 

Let A + be a positive system of A containing A+. Then it defines a Borel subgroup 

B = B(j,A + ) 
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of Gq contained in Q. 

Let P be a parabolic subgroup of Gc containing B. Let S be a non-closed K c -P 
double coset in Gc and let S denote the dense Kc-B double coset in S. By |Mlj 
Theorem 2 we can write 

5o = K c c^ ■ ■ -c lk wB 

with some w G W and a strongly orthogonal system {7!, . . . , 7^} of roots in A+. 
Here W is the Weyl group of A and 

c 7 . = exp(X - X) 

with some X G 0cO>7i) sucn ^ na ^ c % ls ^ ne reflection with respect to 7^. 
Let denote the subset of \I/ such that 

P = W 8 5 

where H^e is the subgroup of W generated by {w a \ a G 0}. Let A e denote the 
subset of A defined by 

A = {(3 G A I (3 = n a a for some n a G Z}. 

If 7j G toAe for all j — 1, . . . , fc, then it follows that 

c 7j G wPw~ x 

for all j = 1, . . . , k and therefore 

Su^ 1 = SoPw^ 1 = Kcc 7l ■ ■ ■ c~ jk wPw~ l = KcwPw^ 1 

becomes closed in Gc, contradicting the assumption. Hence there exists a j such 
that 7j ^ wA@. Replacing the order of 71, ... , 7&, we may assume that 

71 wA e . 

Let [ denote the complex Lie subalgebra of gc generated by 0c0, 7i) © 0c (j, ~ 7i) 
which is isomporphic to s[(2, C) and let L be the analytic subgroup of Gc for [. 
Then we have (L fl K^c^L fl wBw~ l ) — (L fl K c )c~^(L fl wBw~ l ) since both of 
the double cosets are open dense in L. Hence we have 

S = K c c yi ■ ■ ■ c lk wB = K c c~lc 12 ■ ■ ■ c lk wB = K c c yi ■ ■ ■ c yk w 71 wB. 

If 71 ^ wA + , then 71 G w 11 wA + . So we may assume 

71 G wA + 

replacing w with w 7l w if necessary. Let £ denote the real rank of Gr. 

Lemma 2.1. There exists a maximal strongly orthgonal system {/3i, . . . , /^} of roots 
in A+ satisfying the following conditions. 

(i) /f 71 is a long root of A, then Pi = 71 and 72, • • • , 7& £ R/?2 © • • • © (//" 
£/ie roots m A /iai>e the same length, then we define that all the roots are long roots.) 

(ii) J/71 is a short root of A, then^ x G R/3i©R/3 2 and 72, . . . ,7*. G R/3 3 ©- ■ -©R^. 
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Proof. First suppose that 0n is of type AIII, Dili, EIII, EVII or DI(of real rank 2). 
Then the roots in A have the same length. So we have only to take f3j = 7,- for 
j — 1, . . . , k and choose an orthogonal system . . . , (3 e } of roots in A+ containing 

Next suppose that g R = sp(£,R). Write 

A = {±e r ±e s |l<r<s<£}U {±2e r | 1 < r < £} 

and 

A+ = {e r + e s I 1 < r < s < £} U {2e r | 1 < r < £} 

as usual using an orthonormal basis {ex, . . . , q} of j*. If 71 = 2e r , then {/3 2 , . . . , /^} = 
{2e s \ s r} satisfies the condition (i). If 71 = e r + e s with r 7^ s, then we put /3i = 
2e r and /3 2 = 2e s . The assertion (ii) is clear if we put {fa, . . . , fy} = {2e p | p 7^ r, s}. 

Finally suppose that 0k = so(2, 2p — 1) with p > 2. Then the real rank of 0r is 
two and we can write 

A = {±e r ±e s |l<r<s<p}U {±e r | 1 < r < p} 

and 

A+ = { ei ±e s |2<s<p}U{ ei } 

with an orthonormal basis {ei, . . . , e p } of j*. If k = 2, then we have 71 = /?i = ei±e s 
and 72 = $2 = ei =F e s with some s. If k — 1 and 71 = ei ± e s , then /3i = 71 and 
P2 — e iT^s- If A; = 1 and 7 X = e±, then we may put (5-y = ei + e 2 and /3 2 = ei — e 2 . □ 

Definition 2.2. (i) Define a subroot system Ai of A as follows. 
If 71 is a long root of A, then we put 

Ax = {±p 1 } = {±71}. 

On the other hand if 71 is a short root of A, then we put 

Ai = An (Rft © M/3 2 ) 

(which is of type C 2 ). 

(ii) Put A 2 = {a G A | a is orthogonal to Ai}. 

(iii) Let L,- denote the complex Lie subalgebra of 0c generated by © aeA . 0c (j) a ) 
for; = 1,2. 

(iv) Let Li and L 2 denote the analytic subgroups of Gc for [1 and [ 2 , respectively. 
It follows from Lemma 2.1 that 

c 7l G Li and that c 72 • • • c 7fc G L 2 . 

Let Xj be nonzero root vectors in 0c (j, Pj) for j = 1, . . . , £. Then we can define a 
maximal abelian subspace 

t = R(X 1 - X\) © • • • © RpQ - X7) 

in im and a maximal abelian subspace 

a = R(Xi + X7) © • • • © R(X e + X~ e ) 
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in m as in ]G\ \ 1 j Section 2. Since the restricted root system E(t) is of type BC>, 
the set t + is defined by the long roots in E(t). Hence it is of the form 

t+ = {Y 1 + --- + Y e \Y j Gt+} 

where t + = {s(Xj — Xj) | —(jr/4) < s < vr/4} by a suitable normalization of Xj for 
./ 1 (■ 

Put T + = expt + and A = exp a. Then it is shown in G \ CD Lemma 2.1 that 
AQ = T + Q and hence that 

G R Q = KAQ = KT+Q 

by the Cartan decomposition Gr = KAK. The closure of G R Q in Gc is written as 

(G R Q) d = G R Q U Grc^Q U G K c ft c ft Q U • • • U G R c A • • • c^Q 

where c Pj = exp(7r/4)(X i - 1Q) for j = 1, . . . , £ f jWZTj Theorem 3.8). We can also 
see that 

(2-1) G R c Pl ■ ■ ■ c Pk Q = K Cf3l ■ ■ ■ c A T+ +1 • • ■ T+Q 

where T+ = expt^ since we can consider the action of the Weyl group Wk(T) on 
T which is of type BC>. 
By the map 

i : xK c (xQ,xQ) 

the complex symmetric space Gc/Kc is embedded in Gc/Q X Gc/Q ( |WZ2j ). It is 
shown in |BHHj Section 3 and |GMlj Proposition 2.2 that 

t(D/K c ) = G R Q/Q x G R Q/Q. 
Lemma 2.3. Suppose that 

l(xK c ) E Grc^Q/Q x G R Q/Q 
and that 71 is a long root of A + . (If the roots in A have the same length, then we 
define that all the roots are long roots.) Define a K^-B double coset Si by 

S\ = Kcc 12 ■ ■ ■ c lk wB. 

Then S\ is contained in dS = S cl — S and 

xSi ns' ^(j). 

Proof. It is clear that we may replace x by any elements in the double coset G^xKc. 
By the left GiR-action we may assume that x G Q. By the right Xc-action we may 
moreover assume that x G N since Q = NK<c. Since K = Kc H Gr normalizes N, 
we may assume by (2.1) that 

xQ = Cfati ■■■tiQ 
with some tj G T+ for j = 2, . . . , I. As in [WZ2 a , we write 

cpi = c 71 = c = c~c + and tj = t~t + for j = 2, . . . , £ 
with c~, tj G N and c + , t + G Q. Then we have 
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It follows from Lemma 2.1 and Definition 2.2 that c 72 • • • c 7fe G L 2 . Since Ad(c 72 • • • c, 
is ^-stable, the double cosets 

Sl 2 = (L 2 r\K c )c 12 ■ ■ ■c lk (L 2 r\wBw~ 1 ) and S' L2 = (L 2 r\G R )c 72 ■ ■ ■ c^L^wBw' 1 ) 

correspond by the duality ( |Mlj Theorem 2). 

It follows from Lemma 2.1 (i) and Definition 2.2 that 

c G Li and tf, . . . , tf G L 2 . 

It follows moreover from Definition 2.2 (i) that b = s((2, C). 
Write y = t 2 ■ ■ -tj . Then we have 

y Q = t 2 ---t e QcT + QcG R Q 

and 

yQ = Q C G R Q. 

Hence we have 

y G L 2 n (C(5i) n C(5 , 2 )) = L 2 HD 

by |(tM1| (1.3). By the inclusion (1.2) this implies that the set ySL 2 (^S' L2 is nonempty 
and closed in L 2 . Take an element z of ySt^ fl S' L2 . 

Since 71 G wA + , we have c + G wBw~ x . Since c + G Li commutes with elements 
in L 2 , we have 

cz G q/£ i2 = c~c + y(L 2 H i^c)c 72 • ■■c lk (L 2 n wBw^ 1 ) 
= c~y(L 2 H i^c) c 72 ' ' ' c 7 fe c+ (-^2 H wBw^ 1 ) 
C c~yK c c 12 ■ ■ ■ c^wBw' 1 = xSiiu' 1 
On the other hand we have 

G cS^ 2 = c(L 2 fl Gr)c 72 • • • c lk (L 2 fl wBw^ 1 ) 

= (L 2 n G R ) c 7l c 72 • • • c lk (L 2 H wBw 1 ) C S^w 1 . 

Hence xSiHS'q 7^ 0. It is clear that Si C = 5 d because (L 1 flii'c)(Linw-Bu» _1 ) C 

((Li n if c )c(L 1 n wBur l )) d = L x . 

Now we will prove S\ <f_ S. Consider the map 

ip : K C \G C /B 3 K c gB h-> BQ{ g y l gB G fi\G c /5 

introduced in |Sp| where # is the holomorphic involution in Gc defining Kq- We 
have 

(f(Si) = Bw w 72 • • -w lk wB 

and 

y('S') = <p(SoP) C Pw~ w 7l ■ ■ ■ w lk wP = BWew~ l w 7l ■ ■ ■ w^wWqB . 
So we have only to show 

(2.2) w _1 if 72 • • ■ w lk w Wqw" w 71 ■ ■ ■ Wy k wWe. 
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Let Z be an element in j denning P. This implies that Z is dominant for A + and 
that {a 6 $ ot{Z) = 0} = 0. Let w± and w 2 be elements in W®. Let B{ , ) denote 
the Killing form on g and let F 71 denote the element in j such that 

7l (y) = s(y,y 71 ) foraiiyej. 

Then we have 

-B(Z, u> _1 u> 72 • • • w lk wZ) — B(Z, w\W~ l w~ n w 12 ■ ■ ■ w lk ww 2 Z) 
= B{wZ — w 7l wZ, w l2 • ■ ■ w lk wZ) 



B(Y 7l , w l2 ■ ■ -w lk wZ) 



_ 2B(Y n ,wZ) 
B(Y yi , Y yi ) 
2B(Y, 1 ,wZf ^ Q 
B(Y yi , Y yi ) 

since 71 ^ wA e . Thus we have proved (2.2). □ 

Lemma 2.4. Suppose that 

l(xK c ) e Grc^Q/Q x G R Q/Q 

and that 71 is a s/ior£ root 0/ A+. ( W^e assume that 0r = sp(£, R) or so(2, 2p — 1) 
with p > 2.) Define a Kc-B double coset S± by S\ = Kcgc l2 • ■ ■ c lk wB where 

e i/71 zs £/ie simple short root of Af , 
C/3 if 71 ^ £/ie non-simple short root of A|" . 

i/ere A^ = Ai fluA + and (3 is the long simple root of Af . Then Si is contained in 
dS = S d -S and 

X S 1 n S' d ^ 0. 

Proof. It follows from Lemma 2.1 (ii) and Definition 2.2 that 

dp^t^ G Iq and tf,...,tf<EL 2 . 

It follows moreover from Definition 2.2 (i) that li = sp(2, C). 

Write y = • • -tj . Then by the same argument for long 71 we see that the set 
vSl 2 fl S' L2 is nonempty and closed in L 2 . Take an element z of ySi 2 H S^. 

The positive system A] 1 " of Ai consists of two long roots and two short roots. 
Since 71 G A^, 7! is either of these two short roots. Write 27 = cl . 

First assume that 71 is the simple short root of A±. Then it follows from Propo- 
sition 3.2 (i) in the next section that 

(2.3) 27 (Li n K c )(Li n wBw- 1 ) n ((Li n G M )c 71 (L 1 n w5^ 1 )) d 
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is nonempty. Note that L\ n wBw~ l and 71 correspond to wp 2 Bwp^ and <5 in the 
next section, respectively. Let z\ be an element of (2.3). Then we have 

Z\Z G X\{L\ Pi i^c)(^i H wBw~ x )ySi J2 

= xx{L x n AT c )(Li n wBw-^yfa n lt c ) 

= n K c )(^2 n K c )c 72 • • -^(Li n wBw- v )(L 2 n u^w- 1 ) 

C xK c c 12 ■ ■ ■ c lk wBw~ l = xSiw~ x 

and 

zi* G ((Li n G M )c 7l (L 1 n luSur 1 )) ^ 

= ((Li n G R )c 7l (Li n wBw- 1 )^^ n G R )c 72 • • • c 7fc (La n toBw" 1 ) 
C (Gmc 7i c 72 • • • c^wBw -1 ) 01 = S'f^w -1 . 

So we have x<Si fl S' d 7^ 0. We can prove Si C S cl — S by the same arguments as 
in the proof of Lemma 2.3. 

Next assume that 71 is the non-simple short root of A+. Then it follows from 
Proposition 3.2 (ii) in the next section that 

Xi(Li n K c )cp(Li n wBw' 1 ) n ((Li n G M )c 71 (L 1 n wBw- 1 )) 01 

is nonempty. Note that Li fl wBw -1 , 71 and /3 correspond to B, 5 and in the 
next section, respectively. By the same argument as above we can prove 

xSi n S' d ^ 0. 

It follows from Remark 3.3 that Si C S cl . Finally we will prove that Si (£ S. Using 
the same argument as in the proof of Lemma 2.3, we have only to show 

(2.4) w^wpw-fz ■ ■ -w lk w Wqw^w^ ■ ■ • w 7k wW@. 

Let Z and Y 71 be as in the proof of Lemma 2.3. Define Yp G j so that 

(3(Y) = B(Y, Yp) for all Ye). 

Then we have 

B(Z,w~ 1 wpw l2 ■ ■ -w lk wZ) — B(Z,wiw~ 1 w 7l w l2 ■ ■ ■ w lk ww2Z) 
= B(wpwZ — w 71 wZ, w 12 ■ ■ • w lk wZ) 

= B(wZ — w^wZ, w l2 ■ ■ ■ w lk wZ) — B(wZ — wpwZ, w l2 ■ • ■ w lk wZ) 

2B(Y~,wZ) ^ 2B(Y ,wZ) 

= B{Y^ F 7 ) B{Y ^ W ^ ' ' ' w ^ wZ ) - B \Yp Yp) ' Wl2 " ' w ^ wZ > 

_ 2B(Y^,wZ) 2 2B(Yp,wZ) 2 

B(y 71 ,y 71 ) B(Yp,Yp) > 

for wi , W2 G W^e since 

B(Y n ,wZ)>0, 0<B(Y l3 ,wZ)<B(Y n ,wZ) and 5(1^, Yp) = 2B(Y n , F 7l ). 
Thus we have proved (2.4). □ 
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Using the conjugation on Gc with respect to the real form Gr, it follows from 
Lemma 2.3 and Lemma 2.4 the following. 

Corollary 2.5. Suppose that 

l{xK c ) G G K Q/Q x G R c^Q/Q. 

Then there exists a K c -B double coset S 2 contained in dS such that 

xS 2 n s' cl ^ 0. 

Proof of Theorem 1.3. Let S be a non-closed K c -P double coset in G C - Then it 
follows from Lemma 2.3, Lemma 2.4 and Corollary 2.5 that there exist K^-B double 
cosets Si and S 2 contained in dS such that 

(2.5) x(Si u s 2 ) n S' d ^ 
for all x G dD satisfying 

(2.6) xK c G L-\{G W fi^Q/Q x G R Q/Q) U (G R Q/Q x Grc^Q/Q)). 
Suppose that 

y(Si U S 2 ) d n S' cl = 0. 
for some y G <9.D. Then there exists a neighborhood [/ of y in Gc such that 

x(Si u <? 2 ) d n s' d = 

for all x E U. But this contradicts (2.5) because the right hand side of (2.6) is dense 
in d(D/K c ). □ 

3. Sp{2, M)-case 
Let G c = Sp(2, C) = {ge GL(4, C) | l gJg = J} where 



J 

Let 



-I 2 
h 



Kc = { (o V" 1 ) I 5 G GL ( 2 ' C )} and G » = G c n ^(2,2) = Sp(2,R). 

Put C/ + = Cei ©Ce 2 and LL = Ce 3 ©Ce 4 by using the canonical basis {ei, e 2 , e 3 , e 4 } 
ofC 4 . Then 

K c = QnQ 

where Q = {g G G c | #[/+ = £/+} and G; = {g G G c | gU_ = [/_}. (Here * is the 
conjugate of * with respect to the real form Gr of Gc-) 
The full flag manifold X of Gc consists of the flags 

(Vi,V 2 ) 

in C 4 where dimVj = j, Vi C V 2 and l uJv = for all u,v G V 2 . Let B denote the 
Borel subgroup of Gc defined by 

B = {g G G c | gCei = Ce 1 and #[/+ = U + }. 
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Then the full flag manifold X is identified with Gc/B by the map 

gB^(V 1 ,V 2 ) = (gCe 1 ,gU + ). 
There are eleven .fT^-orbits 



Si 


= {(Vi, 


V 2 ) 


v 2 = u + }, 




s 2 


= {(Vi, 


v 2 ) 


v 2 = [/_}, 




S3 


= {(Vi, 


v 2 ) 


Vi C U+, dim(V 2 n U-) = 1}, 




S4 


= W, 


v 2 ) 


Vi C dim(y 2 nc/+) = 1}, 




s 5 


= M, 


v 2 ) 


V 1 cU + }-(S 1 US 3 ), 




s 6 


= {(Vu 


v 2 ) 


V 1 gU^}-(S 2 US^), 




s 7 


= {(Vi, 


V 2 ) 


dim(V 2 n U+) = dim(V 2 n U-) = 


1}-(5 3 US 4 ), 


S 8 


= m 


v 2 ) 


v 1 nu + = {0}, dim(y 2 n u+) = 


1, v 2 nii- = {0}}, 


Sg 


= m, 


v 2 ) 


V 1 n U- = {0}, dim(^ 2 n u.) = 


1, v 2 nu + = {0}}, 


S10 




V 2 ) 


V 2 ilU ± = {0}, Wr(v) = for 


veVi}, 


<? 

'-'op 


= m, 


v 2 ) 


V 2 r\U±= {0}, Wt(u) ^ for 


v e Vy - {0}} 



on X where 

for v G C 4 . These orbits are related as follows ( |M()j Fig. 12). 



S\ S3 S4 S 2 




op 



Let P\ and P 2 be the parabolic subgroups of Gc defined by 
Pi = Q and P 2 = {geG c \ gCe x = Cei}, 
respectively. Then the above diagram implies, for example, that 
S\P 2 = S$P 2 and that dim Si = dim 5*5 — 1 
by the arrow attached with the number 2 joining Si and S5. 
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On the other hand define subsets 



C+ = {z e C 4 1 (z, z) > 0}, C_ = {z e C 4 1 (z, z) < 0} 

and C = {z G C 4 | {z, z) = 0} 

of C 4 using the Hermitian form (w, z) = W[zi + w 2 z 2 — Wsz 3 — Wlz^ defining U (2, 2). 
For v G C 4 define subspaces 

v J = {u G C 4 I *v Ju = 0} and v ± = {u G C 4 | (v, u) = 0} 

of C 4 . Then C is devided as C = C S U C r where 

C° = G C I v J = v^} and C r = {veC \v J ^ v^}. 

The Gro-orbits on X are 





= {(Vi, 


v 2 ) 


1 v 2 


- {0} c C + }, 




= M, 


V 2 ) 


1 v 2 


- {0} c C_}, 


S3 


= M, 


v 2 ) 


1 v 1 


-{o}cc + , y 2 nc_^}, 


si 


= M, 


v 2 ) 


1 Vi 


-{o}cc_, y 2 nc + ^}, 


s^ 


= m. 


v 2 ) 


1 


-{0}cc + , v 2 nc^{0}}, 


s^ 


= W, 


V 2 ) 


1 v 1 


-{o}cC_, 7 2 nc o V{0}}, 


s; 


= m, 


V 2 ) 


1 


- {0} c ci v 2 <t Co}, 


Ss 


= m. 


v 2 ) 


1 v 1 


c c s , v 2 nc + ^ 0}, 


0/ 

D 9 


= M, 


v 2 ) 


1 


c c°, v 2 nc^ 0}, 


c-/ 
°10 


= {(Vi, 


v 2 ) 


1 


- {0} C CI V 2 C Co}, 


c-/ 
°op 


= M, 


v 2 ) 


1 v 1 


C C S , \/ 2 C Co}. 



Here the l^c-orbit Sj and the Cs-orbit Sj correspond by the duality for each j 
l,...,10,op. 



Take a maximal abelian subspace 

/ ai 



Y(a!,a 2 ) 









a 2 








— di 





\ 




-a 2 J 



ai,a 2 G 



1,2, we can write 



of im. Using the linear forms ej : Y(ai,a 2 ) 1— > cij for j 

A = {±2ei,±2e 2 ,±ei±e 2 } and A+ = {2e ± , 2e 2 , e x + e 2 }. 

Write f3i = 2e lt f3 2 = 2e 2 and 8 = e\ + e 2 . Take root vectors Xi = —£13 of 0c 0) A) 
and X 2 = —E 2i of Qc(h P2) where = 1,...,4) denote the matrix units. 

Define 



h(s) = exp s(Xi - Xl) = exp s(£ 3 i - £"13) 



/ COS s 





— sin s 


0\ 





1 








sins 





cos s 





V 








V 
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t 2 (s) = exp s(X 2 - X 2 ) = exp s(E A2 - E : 



21 j 



and 

A o o o \ 

cos s — sin s 
10 
\0 sins coss J 

for s6l. Then we can write the Akhiezer-Gindikin domain D as 

D = G R T + K C 

where T+ = {ti(si)t 2 (s 2 ) | |si| < 7r/4, |s 2 | < vr/4}. Write = tj(n/4) and 
w^. = tj(n/2) for j = 1,2. Then we can write 

<9j = KcgB and 5j = G^gB 

for j = 1, . . . , 10, op with the following representatives g ( |Mlj Theorem 2). 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


op 


5 


e 




Wf3 2 




Cf3 2 






C/Ji 




c& 


c /3i c /3 2 



Here 



/l -l\ 



C6 



1 

72 



7T 



exp - X 5 ) 



/ 



1 -1 
1 1 

yi 

with X 5 = -(E u + E 23 ) G C (j, <*)■ 

The standard maximal flag manifold Gc/Q is identified with the space Y of two 
dimensional subspaces V + of C 4 such that t u Jv = for all u, v G V + by the map 

Gc/Q 3gQ^V + = gU + e Y. 

Similarly we also identify Gc/Q with Y by the map 

Gc/Q 3gQ^V_ = gU_ e Y. 

As in Section 2 the complex symmetric space Gc/Kc is naturally identified with 
the open subset 

{(V + , V.) G Gc/Q x Gc/Q \V + r\V_ = {0}} 

of Gc/Q x Gc/Q = Y x Y by the map 

l: gK c » (V+,V.) = {gU+,gUJ). 

Then the Akhiezer-Gindikin domain D/Kc is identified with 

GrQ/Q x C7 K Q/Q = {{V+, V-) G Y x Y \ V+ - {0} c C+ and VL - {0} C 

Let li^c be an element of d(D/K c ) such that i(xK c ) G G^c^Q/Q x G^Q/Q. 
Then it follows from Lemma 2.3 that 

xK c gB n GmC^gB ^ <\> 

for g = e, and Cg 2 . This implies that 

(3.1) xSinS'^fa 
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(3.2) xS 3 nS' 9 ^(f> 
and that 

(3.3) xS 5 n S' op + 0. 

Since S' 7 d = {(V u V 2 ) \ V l C C } D S' 9 , it follows from (3.2) that 

(3.4) xS 3 n S' 7 cl ^ (j). 

On the other hand since S' lQ cl D S' it follows from (3.3) that 

(3.5) xS 5 n S' 10 cl ± <f>. 

Remark 3.1. (i) If i(xK c ) G G^Q/Q x G^c^Q/Q, then we can prove 

xS^ n s' 9 ^ 4>, xS 4 n s' 8 ^ 4>, xS 6 n S' op ^ 0, 

fl S' 7 cl 7^ and fl S' 10 cl ^ (f) 

in the same way. 

(ii) If we apply |M4j Theorem 1.3 to this case, then we have 

x G 3D x(S 5 U S 6 ) cl n S' op ^ (f). 

So we see that the results in this paper are a refinement of this theorem for Hermitian 
cases. 

By (3.4) and (3.5) we proved the following. 

Proposition 3.2. If i(xKc) G G^c^Q/Q x GrQ/Q. Then we have: 

(i) xK c wp 2 B n (G R c$wp 2 B) cl ^ 0. 

(ii) xK c c„ 2 B n (G R c s B) d + (f). 

Remark 3.3. It is clear that Kqw^B = S 3 C Sf = (KcCgw p 2 B) cl and that 
K c c P2 B = S 5 C Sf = (K c c s B) d . 
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